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Supplement to "nimblewomble: An R
package for Bayesian Wombling with
nimble"
by Aritra Halder and Sudipto Banerjee

Theorem 1. On each rectilinear segment, Ct∗ = {s0 + tu : t ∈ [0, t∗]}, where u is a unit vector
and u⊥ is its normal, the terms in the cross-covariance matrix are

kij(t∗, t∗) = (−1)i
∫︂ t∗

0

∫︂ t∗

0
ai(t1)

T ∂i+jK(∆(t1, t2)) aj(t2) ||s′(t1)|| ||s′(t2)|| dt1 dt2,

= (−1)i t∗
∫︂ t∗

−t∗
aT

i ∂i+jK(xu) aj dx, i, j = 1, 2,

where a1(t) = n(s(t)) is the normal to the segment, a2(t) = E2 n(s(t)) ⊗ n(s(t)), where

E2 =
(︂ 1

1 1
1

)︂
is an elimination matrix and ∆(t1, t2) = s2(t)− s1(t).

Proof. Considering the parametric segment, Ct∗ = {s0 + tu : t ∈ [0, t∗]}, where u = (u1, u2)
T

is a unit vector, ||u|| = 1, u⊥ is its normal, uT u⊥ = 0, a1(t) = a1 = u⊥ and a2(t) =
a2 = E2(u⊥ ⊗ u⊥) are free of t, and ∆(t1, t2) = (t2 − t1)u. The integrand in kij(t∗, t∗) =

(−1)i ∫︁ t∗
0

∫︁ t∗
0 aT

i ∂i+jK((t2 − t1)u) aj dt1 dt2, depends only on (t2 − t1). Making a change of
variable–define x = t2 − t1, y = t2 + t1, implying x+y

2 = t2 and y−x
2 = t1. The Jacobian is 1

2 .
Hence, 0 ≤ y + x ≤ 2t∗ and 0 ≤ y − x ≤ 2t∗. This implies 0 ≤ y ≤ 2t∗ and −t∗ ≤ x ≤ t∗.

Making the substitution above reduces, kij(t∗, t∗) = (−1)i

2

∫︁ 2t∗
0

∫︁ t∗
−t∗ aT

i ∂i+jK(xu) aj dx dy =

(−1)i t∗
∫︁ t∗
−t∗ aT

i ∂i+jK(xu) aj dx. Setting i = j = 1, produces the scenario in ?.

Theorem 2. For the Matérn kernel, with ν = 3/2, the variance of the gradient based wombling
measure is k11(t∗, t∗) = 2

√
3σ2ϕt∗G

(︂
1,
√

3ϕt∗
)︂

. In case ν = 5/2, the cross-covariance ma-
trix for the wombling measures based on spatial gradient and curvature requires k11(t∗, t∗) =
2
√

5
3 σ2ϕ t∗

{︂
G
(︂

1,
√

5ϕt∗
)︂
+ G

(︂
2,
√

5ϕt∗
)︂}︂

, k22(t∗, t∗) = 10
√

5σ2ϕ3 t∗G(1,
√

5ϕt∗) and k21(t∗, t∗) =

−k12(t∗, t∗) = 0, where G
(︁
a, x

b
)︁
=
∫︁ t∗

0 xa−1e−
x
b dx is the lower incomplete Gamma function with

shape parameter a and scale parameter b. For the Gaussian kernel,

VΓ(t∗) = 2σ2√πϕ t∗
{︂

2Φ
(︂√

2ϕt∗
)︂
− 1
}︂ (︂

1 0
0 6ϕ2

)︂
,

where Φ(·) is the cdf for the standard Gaussian probability density.

Proof. Using ??, if ν = 3/2, then we obtain k11(t∗, t∗) = 3σ2ϕ2 t∗
∫︁ t∗
−t∗ e−

√
3ϕ|x| dx =

2
√

3σ2ϕt∗ G(1,
√

3ϕt∗). If ν = 5/2, then k11(t∗, t∗) = 5
3 σ2ϕ t∗

∫︁ t∗
−t∗(1+

√
5ϕ|x|) e−

√
5ϕ|x| dx =

2
√

5
3 σ2ϕ t∗

{︂
G
(︂

1,
√

5ϕt∗
)︂
+ G

(︂
2,
√

5ϕt∗
)︂}︂

. For terms k21 and k12, let us consider aT
1∂3K(xu) a2 =

25
3 σ2ϕe−

√
5ϕ|x||x|

{︁
aT

1A1a2 −
√

5ϕ|x| aT
1 A2 a2

}︁
, where

A1 =
(︂

3u1 u2 u1
u2 u1 3u2

)︂
, A2 =

(︃
u3

1 u2
1 u2 u2

2 u1

u2
1 u2 u2

2 u1 u3
2

)︃
.

The first and the second term both reduce to 0. Hence, k21(t∗, t∗) = −k12(t∗, t∗) = 0. Next,

aT
2∂4K(xu) a2 = 25

3 σ2ϕ4 e−
√

5ϕ|x|{︁aT
2A3 a2 −

√
5ϕ |x| aT

2A4

(︂√
5 ϕ |x|+ 1

)︂
a2
}︁

, where

A3 =
(︂ 3 0 1

0 1 0
1 0 3

)︂
, A4(x′) =

(︄
6 u2

1− x′ u4
1 (3−x′ u2

1) u1 u2 1−x′ u2
1 u2

2
(3−x′ u2

1) u1 u2 1−x′ u2
1 u2

2 (3−x′ u2
2) u1 u2

1−x′ u2
1 u2

2 (3−x′ u2
2) u1 u2 6 u2

2− x′ u4
2

)︄
.
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After some algebra, aT
2 ∂4K(xu) a2 = 25σ2ϕ4 e−

√
5ϕ|x|{︁1 − 2

√
5 ϕ |x| u⊥

1 u⊥
2 (u1 u2 +

u⊥
1 u⊥

2 )
}︁

. Observe that u⊥
1 = u2 and u⊥

2 = −u1, substituting we get k22(t∗, t∗) = 10
√

5σ2ϕ3 t∗G(1,
√

5ϕt∗).

For the Gaussian kernel, k11(t∗, t∗) = 2σ2ϕ2 t∗
∫︁ t∗
−t∗ e−ϕ2x2

dx = 2σ2√πϕ t∗
{︂

2Φ
(︂√

2ϕt∗
)︂
− 1
}︂

.

Note that aT
1∂3K(xu) a2 = 4σ2ϕ4 e−ϕ2x2

x
{︁

aT
1A1a2 − 2ϕ2x2 aT

1 A2 a2
}︁

. Again, the first and
second terms equate to 0 implying k21(t∗, t∗) = −k12(t∗, t∗) = 0. Next, aT

2∂4K(xu) a2 =

4σ2ϕ4 e−ϕ2x2{︁
aT

2A3 a2 − 2ϕ2 x2 aT
2A4(2ϕ2x2) a2

}︁
. After some algebra, aT

2 ∂4K(xu) a2 =

12σ2ϕ4 e−ϕ2x2{︁
1 − 4 ϕ2 x2 u⊥

1 u⊥
2 (u1 u2 + u⊥

1 u⊥
2 )
}︁

. Substituting, we get k22(t∗, t∗) =

12σ2√πϕ3t∗
{︂

2Φ
(︂√

2ϕt∗
)︂
− 1
}︂

resulting in the required expression for VΓ(t∗).

?? interestingly shows that the posited cross-covariance matrix, VΓ(t∗), reduces to a
variance-covariance matrix. It has a simpler form for the Gaussian case when compared to
Matérn with ν = 5

2 . Finally, considering the covariance between Z(si), i = 1, . . . , N and the
wombling measures—in the Gaussian case, closed-forms are available (see, e.g., ?, end of
Section 3). The inferential exercise of wombling does not require quadrature when using a
Gaussian kernel however, only one-dimensional quadrature is required for the same when
using a Matérn kernel.
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